In 2016, Lemke Oliver and Soundararajan surprised—or even shocked?—number theorists by discovering unexpected biases in modular distributions of pairs of consecutive primes [1].  Quanta Magazine ran an article on their findings under a compelling title [2].
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And Tao referred to the core observation of Lemke Oliver and Soundararajan in one of his blogs [3] as ‘a surprising but now satisfactorily explained bias in the distribution of pairs of consecutive primes when reduced to a small modulus’.
Let me sketch another and broader view on  the subject, by highlighting characteristic properties of both modular and common (non-modular) distributions of pairs of consecutive primes, and how these emerge from specific subsets of such prime pairs. This view also encompasses a generalization of Hardy and Littlewoods conjecture on prime pairs and a more fundamental explanation than the one provided by Lemke Oliver & Soundararajan for the observed biases
[bookmark: _Hlk208743624][bookmark: _Hlk208743874][bookmark: _Hlk209118385][bookmark: _Hlk209423757][bookmark: _Hlk209253071][bookmark: _Hlk208849016]The next presentation is meant to illustrate this with two examples of mod 10 distributions. A more complete treatment of the subject can be found in 
https://www.researchgate.net/publication/384562145_On_regularities_in_distributions_of_pairs_of_consecutive_primes_and_in_pairs_of_primes_with_a_given_prime_pair_gap.

Probably the most well-known example in the Lemke Oliver & Soundararajan paper (Example 1) is the mod 10 distribution of the first pairs of consecutive primes, depicted in the next table. In it, the elements f(i, j) are the fractions of pairs of consecutive primes in which the first prime of a pair has rest class i and the second prime rest class j. 
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Example 1. The mod 10 distribution of the first pairs of consecutive primes

We observe large deviations from an average value of 6.25 %. These deviations were completely unexpected until 2016, which is why Lemke Oliver & Soundararajan described them as “biases.” 
These deviations can also be described 
1. as regularities along the anti-diagonal positions, suggesting that the subsets of pairs of  consecutive primes underlying these positions occur with similar frequency,
and
2. by a clear order in frequency of occurrence:

f(9,1) > f(1,7) > f(1,3) > f(3,7) > f(7,3) > f(7,1) > f(3,1) > f(1,9) > f(1,1) > f(3,3).

Notably, the lowest frequencies occur on the main diagonal, and f(1,1)>f(3,3).

Both the regularities and the order can be explained in concrete terms. Lemke Oliver and Soundararajan provide an explanation for the regularities, but not as much for the order in the occurrence rates. With respect to the low frequency of repeating patterns on the main diagonal they remark " an initial guess for why there is a bias against the repeating patterns might be that, after a prime occurs that is a (mod q), all other classes have a chance to represent a prime before a occurs again´.   

For a compact presentation of observations, I will use initially a somewhat smaller dataset than in Example 1. Consider the collection of primes on the interval [7,n] with n= . So, the first three primes (2,3, and 5) are excluded for a reason that I will make clear in a minute. Note that it has the same characteristics as the mod 10 distribution as in Example 1.  

Example 2:
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Table 2. The mod 10 distribution of pairs of consecutive primes on the interval [7, ].

Form the set of positive integers coprime to 2, 3, and 5. Call this the  set. It comprises eight arithmetic progressions (APs):
AP i = { i + 30k | k = 0, 1, 2, … }, where i ∈ {1, 7, 11, 13, 17, 19, 23, 29}.

Arrange these APs in an 8 × ∞ grid, the  grid. 
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Table 3. The  grid

The difference between two general primes is called the prime pair gap and denoted by 2r, r  N. If two primes are consecutive, we call the difference simply the gap, as usual.
The grid gap d between two  numbers is the number of grid elements between them. For example, between 73 and 89 the grid gap is 3. Consecutive  numbers have grid gap 0.
The grid gap concept plays an indispensable role in the analysis.
When counting consecutive prime pairs in the grid, label the first prime by its AP index i. Then describe its successor by the gap/ grid gap combination it has with the first prime. Table 4 lists the possible combinations.
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Table 4. The possible gap/grid gap combinations for pairs of consecutive primes 
Table 4 also shows that if a prime p is located on an AP i a number of values for 2r is excluded as a possible gap with its successor. For instance, primes located on AP 11 can never have a gap with its successor that has a value of one of the elements of the set {4,10,14,16,22,24,28,4+30,10+30, ….}.
Figure 1 illustrates this by showing a number of primes on AP 11 and their successors on a segment of the number line.
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Fig 1. Part of primes on AP 11 together with their successors. AP 11:  numbers 11+30k, k=0,1,2,…

It is worth noting that the algebraic structure of the grid alone restricts possible successor gaps for any prime i+30k, regardless of k. This restriction holds even for arbitrarily large primes and challenges the notion that prime successors are “pseudo-randomly” distributed. For a further discussion on this, see my paper.
We use the format of Table 4 to partition the total set of consecutive primes on the interval [7, ] into 8 subsets S(i), i {1, 7, 11, 13, 17, 19, 23, 29}, presented in the rows of Table 5. 
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[bookmark: _Hlk173942534]Table 5. The distribution of the number of pairs of consecutive primes on the interval [7, ]  

The number of pairs in each row equals the number of primes in the respective AP, which is approximately n/(8.ln n) by Dirichlet’s theorem with n=.
For example, row 1 shows that there are 9 805 pairs with first prime on AP 1; among these, 
2 037 have a gap/grid gap combination of (6,0), 1 467 of (10,1) and so on.  Notice that the first two elements in each row— corresponding to gaps free of factors 2, 3, or 5—have nearly equal counts. The third elements do not show near equal counts in each row for the first time, marking the appearance of gaps divisible by larger primes.

By reordering Tables 4 and 5, we obtain a matrix-based format and presentation.
Table 4 becomes: 
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Table 6. The distinct positions of pairs with a specific gap-grid gap combination in the presentation in matrix format
And Table 5: 
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Table 7 The distribution of the number of pairs of consecutive primes on the interval [7,  in matrix format
Each matrix in Table 7 represents a subset of prime pairs:
· The first matrix includes all pairs with a gap < 30 and grid gap ≤ 7.
· The second matrix includes pairs with a gap > 30 and ≤ 60, and grid gap > 7 and ≤ 15.
· And so on.
By summing these matrices, we derive the mod 30 distribution:
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Table 8 The mod 30 distribution.
Aggregating the 16 submatrices in Table 8 yields the mod 10 distribution shown in Table 2. Through backtracking, we can identify the subsets of consecutive prime pairs that contribute to each of the 16 elements in the mod 10 distribution. The specific gap/grid gap combinations for each subset can be traced back to Table 7.
Example:
The element (1,1) in the mod 10 distribution has 241 + 2159 + 547 + 266 = 3213 pairs of consecutive primes. This subset includes:
· Pairs with their first element on AP 1 and second element having gap/grid gap combinations (10,1), (30,7), (40,9), (60,15), etc.
· Pairs with their first element on AP 11 and second element with combinations (20,5), (30,7), (50,13), (60,15), etc.
Table 7 reveals that elements on anti-diagonal positions in the common gap distribution matrix tend to have approximately equal counts - provided the counts are not too small -  and otherwise have about the same small order of magnitude. Table 6 confirms that these elements share identical gap/grid gap combinations.
Summing the matrices in Table 7 produces the mod 30 distribution, and further aggregation leads to the mod 10 distribution. In both cases, anti-diagonal positions exhibit roughly equal frequencies.
A comparison of Tables 6 and 7 shows that the gap alone is insufficient to explain the counts. For example:
· Pairs (1,11) and (19,29) with gap 10 and grid gap 1 occur ~2000 times.
· Pairs (7,17) and (13,23) with gap 10 and grid gap 2 occur ~1500 times.
Pairs with the same the same gap/ grid gap combination have about an equal number of occurrences.
This does not count for pairs with the same gap but different grid gaps. 
So, the grid gap is an important distinguishing parameter in the description of the distribution.
The pairs on anti-diagonal positions are mirrored around a value 30k/2 for some natural number k. Readers familiar with the Lemke Oliver & Soundararajan paper will recognize this as the symmetry described in their Conjecture 1.5.
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[bookmark: _Hlk208848689]Fig 2. Pairs of pairs of consecutive primes on anti-diagonal positions 

The anti-diagonal in the mod 30 distribution consists of prime pairs whose elements are symmetric with respect to a value of 30k/2 for some k in N.
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Fig 3. Pairs of consecutive primes on the main anti-diagonal
Intermezzo on general prime pairs

As an intermezzo, let us consider the broader set of general prime pairs with a fixed difference 2r—those addressed in the Hardy–Littlewood (HL) Conjecture for prime pairs (or 2- tuples). These pairs are not necessarily consecutive and often are not. 
A key point in their distribution is that prime pairs with a specific prime par gap must reside on specific pairs of APs. 

[image: ]
Table 9. Grid gaps and pairs of APs associated with prime pair gap 2r in the  grid

We see that there are always 3, 4, 6, or 8 pairs of APs on which prime pairs with a specific difference can reside.
When counting prime pairs with a fixed prime pair gap 2r, for r=1,2, …r = 1, 2, the total number of such pairs appears to be approximately evenly distributed across the AP pairs on which they can reside.
Here the distribution for the values of r =1,2, …15.
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Table 10. The distribution of general prime pairs with 2r ≤ 30 for primes <  in the grid (order of pairs according to residue class of the first prime of a pair and prime pair gap 2r).

I propose a generalization of the Hardy–Littlewood Conjecture on prime pairs: Subsets of prime pairs with the same gap are approximately evenly distributed across the AP pairs on which they can occur. This is formalized mathematically in my paper.
A large proportion of these pairs are not consecutive. Roughly speaking, the smaller the value of r (and thus also d), the higher the fraction of pairs that are consecutive. For r=1 or 2 (the twin and cousin primes), all pairs are consecutive. Yet, if pairs consist of consecutive primes, they have to reside on one of the described specific configurations of APs. 

Now let us return to pairs of consecutive primes.
Consider the subset with a specific gap 2r, r €N. In cases where three configurations with that gap are possible, there is always one configuration whose elements are symmetrically positioned around a value 30k/2, k  N. As previously noted, these pairs lie on the main anti-diagonal of the mod 30 distribution.
Examples:
· Prime pair gap 2: AP 29, AP 1,
· Prime pair gap 14: AP 23, AP 7.
Depending on the gap between pairs of consecutive primes there are always 1, 2, 3 or 4 distinct configurations of AP pairs where prime pairs are mirrored around 30k/2. Some examples:
· Gap 14: 1 configuration
· (17, 31) and (29, 13) with d=3
· Gap 10: 2 configurations 
· (1, 11) and (19,29) with d=1
· (3, 13) and ( 7, 17) with d=2
· Gap 6: 3 configurations 
· (1, 7) and (23, 29) with d=0
· (7, 13) and (17, 23), and (11, 17) and (13, 19) with d=1
· Gap 30: 4 configurations
· [bookmark: _Hlk209195964](1, 1) and (29, 29) with d=7
· (7, 7) and (23, 23) with d=7
· (11, 11) and (19, 19) with d=7
· (13, 13) and (17, 17) with d=7
Looking at the main diagonal in each matrix of the non-modular distribution, we find:
· All elements share the same gap- grid gap combination
· Their occurrence counts are roughly equal.
This pattern also holds in the mod 30 distribution, but not in the mod 10 distribution. 
Examining Table 6 the gaps are the same, but the grid gaps differ:
· Position (1,1): combinations (30,7), (30,7), (10,1), (20,5) etc
· Position (3,3): combinations (30,7), (30,7), (10,2), (20,4) etc.,
So let us have a closer look at grid gaps. 
The distribution of pairs of consecutive primes per grid gap appears to be highly correlated with a geometric progression A. in which the first term A is derived from the generalized HL conjecture applied to the 8 S(i) sets and the common ratio q is chosen such that the total number of pairs (which is equal to the total number of primes minus 1) is determined by the Prime Number Theorem. 
The following formulas hold (for more background see my paper)
A=  , q= with n= 

Here a visualization of the total actual distribution per grid gap (i.e. aggregated over the 8 APs) and the associated geometric sequence.
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Fig 4. Actual distribution per grid gap versus specified geometric progression 

Now suppose we apply the formulas for A and q as a crude model to the example of Lemke Oliver & Soundararajan (Example 1) then we get for the mod 30 distribution:
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Table 11. Crude model. The mod 30 distribution, q = 0,8362. First pairs of consecutive primes

Aggregation and comparison with the actual mod 10 distribution leads to the following picture.
[image: ]
[bookmark: _Hlk178607179][bookmark: _Hlk178607040]
Table 12. The percentual mod 10 distribution, actual data (left) and crude model (right)

The correlation coefficient between the two matrices is 0.9975 and there is quite a good  match between the two. Suppose the following function is defined based on the geometric progression in the crude model

Q(a,b,c,e) = /8					(1)

with a, b, c, e  {0,1,2,3,4,5,6,7} and q= ( ) < 1. Then the model mod 10 distribution can be described explicitly (in perunages) as
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Table 13. The crude model mod 10 distribution of pairs of consecutive primes

In each of the 16 elements the arguments in function Q are four values of grid gaps, which are directly deductible from the initial periodic <1,7,11,13,17,19, 23,29><31,37,41,43,47,49,53,59> … distribution of  numbers. For instance the grid gap between 1 and 11 is 1, between 1 and 31 is 7, between 11 and 31 is 5 and between 11 and 41 is again 7, which leads to Q(1,5,7,7) for the fraction of [1,1] occurrences.

If n is not to large, such as in both presented examples, the conclusion is that grid gaps, and especially the small grid gaps, in combination with the distribution of  numbers form the dominant factors for the occurrence rates and that the influence of pairs with gaps that have a divisor > , only play a minor distinguishing role in the distribution.  
With f(i, j) as defined in the introduction, it can be verified that if  0.66 < q < 0.99 the model outcomes are such that

f(9,1) > f(1,7) > f(1,3) > f(3,7) > f(7,3) > f(7,1) > f(3,1) > f(1,9) > f(1,1) > f(3,3)			

Although it is far from suggested that the crude model provides a correct order up till q , the interesting point is that exactly this order is present in the discussed examples. According to the model the smallest occurrence rates are attributed to pairs between primes that have the same rest class mod 10.  In other words, to the pairs of consecutive primes in which the second element has the same final digit as the first element in the pair. This observation was already made earlier by Lemke Oliver & Soundararajan, leading Lemke Oliver to remark in the Quanta publication that those primes ‘really hate to repeat themselves’. The results derived from Table 13 and formula (1) offer a compelling explanation for this behavior.
To understand the underlying regularities and order, let us adopt a more conceptual view. Consider the set of primes—and the various subsets of prime pairs—as the outcome of sieving composite numbers via the Sieve of Eratosthenes, a method known for its simplicity and transparency.
[bookmark: _Hlk133081058][bookmark: _Hlk132183800][bookmark: _Hlk132111267][bookmark: _Hlk178597713][bookmark: _Hlk173844606][bookmark: _Hlk176074620]The set of  numbers is the result of sieving out the first 3 primes. 
It is instructive to see what happens if in the  grid all at that stage remaining composite numbers divisible by the fourth prime  =7 are sieved out. These are the numbers  (i+30k) shaded in the next table with i k=0, 1, 2, …
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Table 14. Illustration of the step in the sieving process from  numbers to  numbers


Observations: 

1. [bookmark: _Hlk176174117][bookmark: _Hlk174634468]Uniform reduction per AP. On each AP (row) of the  grid exactly one element is sieved out of each successive elements. The reason is that the elements in each such a sequence if taken modulo form a complete and repetitious set of residue classes mod  So in each sequence of  elements of each AP there is a reduction of elements by a factor
(,										    (2)
2. [bookmark: _Hlk174643914][bookmark: _Hlk132535180]Specific reductions on each pair of APs. On each pair of APs on which prime pairs with a prime pair gap 2r can reside on each sequence of  successive elements the number of pairs of numbers with pair gap 2r is reduced by a factor  except if  is a divisor of 2r, in which case the reduction is only 						    (3) 
The latter is a logical consequence of the fact that not only the sieved out numbers but also the mutual differences between the sieved out numbers then all have to be a multiple of . 
3. [bookmark: _Hlk175649179]Mirror symmetry in sieving. With k N and c and c* two  numbers such that c + c* =  , then 
if c is sieved out, so is c*,					 				   (4a)
if c is not sieved out, so is c* not sieved out.						   (4b)
Suppose that instead of  another prime > , say , would have been chosen to sieve out composite numbers from  numbers in the fourth step of the sieving process, then the numbers  (i+30k) with  i k=0, 1, 2, … would have been sieved out. Observations  2 to 4 then remain intact after replacing   by .

Thus, the final result of the sieving process can be viewed as the intersection of multiple sieving steps, each consistent with the following principles:
1. Uniform Distribution Across APs: Despite the occurring inclusion-exclusion relations, the observed distribution of consecutive prime pairs per grid gap suggests that the sieved-out numbers are quite uniformly spread across simultaneous intervals of the 8 APs.
2. Algebraic Structure in Coprime Sets: It is straightforward to demonstrate that sets of natural numbers coprime to a given set of primes exhibit algebraic structure directly tied to the properties described in (2), (3), and (4).
My conjecture is that the algebraic structure—present in subsets of natural numbers coprime to several primes—is partially preserved during the sieving process, manifesting as observable regularities. The driving force behind this preservation is a conjectured uniformity in the behavior of the Sieve of Eratosthenes.
In this perspective:
· Formula (2) anticipates Dirichlet’s theorem for this specific set of APs.
· Formula (3) anticipates the generalized Hardy–Littlewood conjecture on prime pairs.
· The mirror relations in (4a) and (4b) underpin the anti-diagonal regularities in the distribution of pairs of consecutive primes.
This framework offers a more fundamental explanation than attributing biases and regularities solely to an assumed validity of the Hardy–Littlewood conjecture.
A ‘uniform’ version of the original HL conjecture—with additional support by a result of Gallagher —can account for the biases/ regularities as reported by Lemke Oliver & Soundararajan. To explain the regularities on anti-diagonal positions in the modular distribution, it suffices to consider the mirror relations as symmetries between pairs with the same gap, without the need to invoke grid gaps, since they are the same.
However, to explain the order outlined in point 3 of the introduction, a partly discrete mathematical framework seems necessary:
1. Prime pairs with a given gap 2r can only occur on specific pairs of APs.
2. A discrete parameter such as the grid gap is essential—alongside the gap itself—to explain the order of occurrence rates in both modular and non-modular distributions of consecutive prime pairs.
Finally, a conjectured uniform sieving process or an associated Poisson process, as suggested by Lemke Oliver & Soundararajan, is required to fully account for the observed distribution patterns.
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12 2 1,13 17,29 19,31 29,11 26 6 11,7 17,13 23,19

3 7,19 11,23 28 6 13,11 19,17 31,29

14 2 23,7 30 7 1,1 7,7 11,11 13,13 17,17 19,19 23,23 29,29

3 17,31 29,13

16 3 13,29 1,17 2r>30 Grid gap = Grid gap of prime pair gap 2r mod(30) + 8k, k= 1,2,….

4 7,23 APs are the same as the APs of prime pair gaps 2r mod(30)


image14.emf
2r

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

AP 1 2700 2749 2695 2695 2758 3093 3251 2714

7 2758 2732 2753 2800 2778 3018 2698 2760

11 2735 2742 2719 2719 2767 2732 2985 2810

13 2681 2715 2738 2735 2747 2702 3258 2765

17 2733 2765 2742 3268 2737 2739 2946 2723

19 2701   2691 2719 2686 3060 2720 3274 2763

23 2727 2764 3315 2710 2779 2728 2985 2754

29 2697 2756 2700 3293 2762 2722 2754 2701
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image16.emf
1 11 13 23 7 17 19 29

1 0,77% 2,25% 1,88% 1,10% 2,69% 1,57% 1,32% 0,92%

11 1,10% 0,77% 2,69% 1,57% 0,92% 2,25% 1,88% 1,32%

13 1,32% 0,92% 0,77% 1,88% 1,10% 2,69% 2,25% 1,57%

23 2,25% 1,57% 1,32% 0,77% 1,88% 1,10% 0,92% 2,69%

7 0,92% 2,69% 2,25% 1,32% 0,77% 1,88% 1,57% 1,10%

17 1,57% 1,10% 0,92% 2,25% 1,32% 0,77% 2,69% 1,88%

19 1,88% 1,32% 1,10% 2,69% 1,57% 0,92% 0,77% 2,25%

29 2,69% 1,88% 1,57% 0,92% 2,25% 1,32% 1,10% 0,77%


image17.emf
1 3 7 9 1 3 7 9

1 4,62% 7,43% 7,50% 5,44% 4,89% 7,25% 7,43% 5,43%

3 6,01% 4,44% 7,04% 7,50% 6,06% 4,73% 6,77% 7,43%

7 6,37% 6,76% 4,44% 7,43% 6,28% 6,74% 4,73% 7,25%

9 7,99% 6,37% 6,01% 4,62% 7,77% 6,28% 6,06% 4,89%


image18.emf
1 3 7 9

1 Q(1,5,7,7) Q(0,2,3,5) Q(0,1,3,6) Q(2,4,4,6)

3 Q(1,3,4,6) Q(2,4,7,7) Q(0,2,5,5) Q(0,1,3,6)

7 Q(0,3,5,6) Q(1,1,4,6) Q(2,4,7,7) Q(0,2,3,5)

9 Q(0,2,2,4) Q(0,3,5,6) Q(1,3,4,6) Q(1,5,7,7)


image19.emf
k 0 1 2 3 4 5 6 7 8 9 10 11 12 13

AP

1 1 31 61 91 121 151 181 211 241 271 301 331 361 391

7 7 37 67 97 127 157 187 217 247 277 307 337 367 397

11 11 41 71 101 131 161 191 221 251 281 311 341 371 401

13 13 43 73 103 133 163 193 223 253 283 313 343 373 403 …...................

17 17 47 77 107 137 167 197 227 257 287 317 347 377 407

19 19 49 79 109 139 169 199 229 259 289 319 349 379 409

23 23 53 83 113 143 173 203 233 263 293 323 353 383 413

29 29 59 89 119 149 179 209 239 269 299 329 359 389 419
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® w07 A previously unnoticed property of prime numbers seems to violate a
long-standing assumption about how they behave.
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1 4,62% 7,43% 7,50% 5,44%

3 6,01% 4,44% 7,04% 7,50%

7 6,37% 6,76% 4,44% 7,43%

9 7,99% 6,37% 6,01% 4,62%


